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Abstract
Earthquake location is a well-defined inverse problem to which the mathematical
fundamentals of existing methodologies were established nearly a century ago. How-
ever, in quantitative seismology, achieving accurate, bias-free earthquake locations
still remains to be the one of most important and challenging tasks. In this article, we
give an overview on various earthquake location methods, that vary from linearized to
nonlinear, from grid search to probabilistic algorithms.We review single andmultiple-
event location techniques, along with computational complexities of each algorithm.
An example from a real-world earthquake location problem is given to highlight the
importance of data availability in achieving bias-free earthquake locations.We discuss
earthquake location accuracy, and uncertainty estimation that originate frommeasure-
ment and modelling errors. We end with a list that summarizes publicly available
earthquake location software packages. We conclude with an outlook for future direc-
tions towards data drivenmachine learning techniques in earthquake location research.

Keywords Inverse problems · Computational seismology · Error estimation ·
Probabilistic methods · Earthquake location · Multiple-event
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1 Introduction

Achieving accurate, bias-free absolute earthquake locations is one of the most impor-
tant and challenging tasks in quantitative seismology. The location of an earthquake is
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not only essential for initial earthquake characterization, rapid hazard assessment and
emergency response, but also crucial for further tectonic interpretations and future
earthquake hazard estimations (Bondár et al. 2014; Havskov and Ottemöller 2010;
Lomax et al. 2011). Therefore, uncertainties in earthquake locations pose a serious
limitation to rigorous earthquake analysis.

Mathematical fundamentals of earthquake location methods were established more
than a century ago; graphical methods (Milne 1986), simple grid searches (Reid 1910),
and the linearized inversion method (Geiger 1912). Since then various location meth-
ods are developed, that are computationally efficient, are robust to various data errors
and a variety of different seismic network configurations. These improvements enabled
semi-automation of the event location process, which is employed at many earthquake
centers worldwide (e.g. the International Seismological Centre (ISC), and the USGS
National Earthquake Information Center (NEIC).

The location of an earthquake is specified by the hypocenter, the spatial position
(x0, y0, z0) with longitude x0, latitude y0, depth below the surface z0 and the origin
time t0 of occurrence of energy release from a seismic event. The earthquake location
process is a nonlinear inverse problem. Estimation of travel-times—the time that a
signal (e.g. elastic wave energy of a seismic phase) takes to propagate along a ray path
between two points in a medium—and arrival-times—the time of the first measurable
energy of a seismic phase on a seismogram—are forward problems, whereas the
estimation of hypocenters is an inverse problem.

Earthquake location techniques can be classified into different groups based on (1)
the spatial type of the earthquake location, (2) the number of earthquakes to be solved
and (3) the methodology utilized to solve the earthquake location problem. (1) If the
location of an earthquake is determined with respect to a fixed geographic coordinate
system and a fixed time standard, it is called an absolute location. If an event is located
with respect to another event (an earthquake or explosion) which might have an uncer-
tain absolute location, then it is called a relative location. (2) There are single−event
location methods, that locate one event at a time andmultiple−event location meth-
ods that locate multiple events simultaneously. (3) There are three main techniques
that can be employed to solve for an earthquake location: lineari zed, nonlinear
and probabilistic. The existing location methodologies have been applied to various
earthquakes worldwide and new ones are still being developed. Depending on the
problem to be solved, accuracy of the earthquake hypocenter, uncertainty estimation
coming from the observed data and unknown Earth velocity structure, and the com-
putational speed of the algorithms, play an important role on selecting the earthquake
location technique to employ. In several articles (Bondár et al. 2014; Havskov and
Ottemöller 2010; Lomax et al. 2011), the main characteristic of various earthquake
location methods are reviewed and their applicability to different types of earthquakes
is discussed.

In this overview article, we focus more on the mathematical aspects of these meth-
ods, on the hypocenter location accuracy, and on observed data and velocity model
uncertainties. In Sect. 2, we start with describing deterministic, single-event location
techniques: linear (2.1) and nonlinear (2.2) locationmethods. Then in Sect. 3,multiple-
event location techniques (linearized and probabilistic) are explained. We present a
real-world earthquake location problem, that illustrates the importance of data avail-
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ability in achieving bias-free earthquake locations in Sect. 3. Location accuracy and
uncertainty estimation are discussed in Sect. 4. A list of available, and widely used
location software packages is given in Sect. 5. The paper ends with some conclusions
and outlook for future research directions 6

2 Deterministic single-event location

Earthquake location is an inverse problem with four unknowns, in which three dimen-
sional coordinates and origin time of the source (i.e. hypocenter) are determined by
minimizing the residuals between the observed and predicted arrival-times of seismic
phases at seismic stations. Predicted arrival-times are calculated using a given velocity
model and the smallest misfit between the residuals yields the hypocenter location.

In a homogeneous mediumwith constant velocity v for a given wave type (P and/or
S wave), the arrival-time at a location x = (x, y, z) for a seismic source located ßat
x0 = (x0, y0, z0) is given by:

tarr = t0 + 1

v

[
(x − x0)

2 + (y − y0)
2 + (z − z0)

2
] 1
2
. (1)

When the velocity varies in space v(x), the arrival-time is expressed as integration
along the ray path S

tarr = t0 +
∫

r0
u(r0)d(s) (2)

where u(x) = 1/v(x) is the slowness of the medium, and r0(s) is a point at distance s
along ray path r between source and receiver. Equation (1) is a special case of (2) for
the straight source-receiver paths. Since travel-times are nonlinearly dependent on the
source location, i.e. if event location changes the ray path over which the integral is
solved changes, earthquake location is a coupled, inherently nonlinear inverse problem.

In an heterogenous medium like the Earth, the N observed arrival-times for the
seismic phases (P and/or S wave) form the data vector:

dobs = (t1arr, . . . , t
N
arr)

T .

The spatial (x, y, z) and origin time (t) of the earthquake are the model parameters
and can be represented as the model vectorm = (x, y, z, t)T . Then both Eqs. (1) and
(2) can be written as:

dobs = g(m), (3)

where g(m) is a nonlinear function, that predicts arrival-times for a given m.
Equation (3) is well-defined when a velocity (or slowness) model is applied.

The velocity model calculates the seismic wave-speeds (i.e. predicted arrival-times)
between the source (i.e. earthquake) and the receivers (i.e. seismic stations). In order
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to compute travel-times efficiently, most location algorithms utilize one-dimensional
(1D) velocity models, where velocity varies only with depth. For local or regional
scale earthquake location problems, horizontally layered Earth models simplify the
calculation of arrival-time predictions. For much larger, global scale problems, veloc-
ity models with spherically symmetric shells are used to represent the curvature of the
Earth. 2D and 3D velocity models might represent the velocity variations in the Earth
more accurately, but the travel-time computations are much more time consuming.
Therefore in practice, 1D models are most commonly used.

Most location algorithms require the calculation of theoretical travel-times of seis-
mic phases for a given velocity model. In order to increase the computational speed,
precomputed travel-times look-up tables are interpolated. Themost common approach
is to apply the tau-p algorithm (Buland and Chapman 1983) to any global (e.g. IASP91
Kennett and Engdahl 1991, ak135 Kennett et al. 1995) and local crustal models to
obtain arrival-times for each seismic phase (Havskov et al. 2012).

2.1 Linearized, iterative methods

All deterministic location problems are based on linearized inversion introduced by
Geiger (1912). The linearized model of Geiger (1912) stars with an initial guess

m0 = (x0, y0, z0, t0)
T .

Neglecting the second and higher terms of the Taylor expansion of g(m), we obtain

g(m1 = g(m0 + δm)0) ≈ g(m)0 + ∂g

∂m
|m=m0 δm0.

The updated linearized model m1 is given by

m1 = m0 + δm0. (4)

Combining (3) and (4) we obtain

dobs = dpre + δd, (5)

where dpre is the predicted arrival-times for the model m0 and

δd = ∂g

∂m
|m=m0 δm0. (6)

Thus in the linearized location problem, the observed and the predicted arrival-times
are linearly related to the change of the model.

For N number of arrival-time observations andM ≤ 4model parameters, linearized
problem (6) can be in matrix-vector form

δd = Gδm, (7)
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where G contains the partial derivatives of the N data with respect to the model
parameters m, i.e. Gi, j = ∂gi

∂m j
.

The model parameters are updated iteratively

mk+1 = mk + δmest k = 0, 1, . . . (8)

until convergence, where δmest is the least squares solution of (7). The formal solution
of Eq. (8) is given as

δmest = (GTG)−1GT δd, (9)

where G† = (GTG)−1 is the generalized or Moore–Penrose inverse of G. In earth-
quake location problems,G ∈ R

N×4 is tall, skinnymatrix. There exist severalmethods
for solving the least squares problem; (9), Cholesky decomposition, QR decomposi-
tion, and singular value decomposition (SVD) (Menke 2012).

The linearized method is easy to implement and computationally efficient. Based
on Geiger’s (1912) linearized method, various single-event location algorithms are
developed (Klein 2002; Lee and Lahr 1972; Lahr 2012; Lin and Shearer 2006; Lienert
et al. 1986; Pavlis et al. 2004; Schweitzer 2001), which are operational in many
earthquake centers. However, this method is highly sensitive to the initial location
estimate. If the initial location guess is not sufficiently close to the true hypocenter,
then the linearized solution might converge to a local minimum, not to the global
minimum of the misfit between the observed and predicted travel-times. The initial
guess can be refined using a grid search method e.g. (Malcolm 1999). The iteration
might be slowormight fail to converge due to outliers in the dataset, poor or unbalanced
station configuration and strong local velocity variations.

2.2 Nonlinear locationmethods

As described in Sect. 2.1, the earthquake location is a nonlinear inverse problem,
where the travel-times of seismic waves depend nonlinearly to variations in both
the hypocenter and the velocity model. Nonlinear earthquake location methods are
developed based on various grid search and sampling techniques are developed to
overcome the limitations of the linearized model. The grid search methods, rather
than the partial derivatives, utilize the arrival-times. The misfit between the observed
t iobs and predicted arrival-times t ipre of N seismic phases i = 1, . . . , N at a seismic
network is defined in L2 norm

E =
N∑
i=1

e2i =
N∑
i=1

(t iobs − t ipre)
2. (10)

as sum of the time residuals ei . The predicted arrival-times are given by

t ipre = T 0 + t imodel + t icorr,
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where T 0 is the origin time, t imodel is the travel-time table value, and t icorr is the sum of
travel-time corrections. Nonlinear methods work directly with themisfit function (10).
The least squares solution of (10) corresponds to the minimum of the misfit function.
The accuracy of the location is monitored by the root mean squared residual (RMS),
defined as E/N . If the individual residuals ri are of similar size, the RMS gives the
approximate average residual. The least square solutions work well if the residuals are
obtained by uncorrelated Gaussian noise. If outliers exist, individual large residuals
occur. In this case, based on the assumption of non-Gaussian error distributions, the
misfit function (10) is minimized in the L1 norm (Shearer 1997; Rodi 2006)

E =
N∑
i=1

|ei | (11)

Minimization of the misfit in L1 norm Eq. (11) is robust for data with large outliers.
However, in contrast to the L2 the norm, minimization in the L1 norm is a non-smooth
optimization problem and it is not much preferred in the standard location programs,
due to high computational cost. In Lomax et al. (2011), instead of RMS, the likelihood
function of uncorrelated observed and predicted arrival-times

L(x) = exp

[
−1

2

N∑
i=1

(t iobs − t ipre)
2

σ 2
i

]
, (12)

is minimized during the grid search. In Eq. (12), L(x) denotes the spatial part of the
model parametersm and σi is the standard deviation associated with of uncertainty of
t iobs and t ipre.

Grid search methods are easy to implement; the RMS or the likelihood function
(12) can be easily computed and a grid search can be performed over all possible loca-
tions. Grid search methods calculate the complete probabilistic solution to the inverse
problem by performing a global and well-distributed sampling over the model space
(Lomax et al. 2011). In contrast, linearized methods provide often a poor representa-
tion of the complete probabilistic solution. The linearized methods may be unstable
when irregular or multiple peaks occur due insufficient or outlier data (Buland 1976;
Lomax et al. 2000).

Grid search methods are grouped into regular, deterministic searches, directed
searches, and importance sampling (Lomax et al. 2011).

1. Regular, deterministic search
Grid-searches, nested grid-searches, and stochastic, Monte-Carlo searches belong
to this group. These methods estimate the complete location probability distribu-
tion pdf using global and well-distributed sampling of the model space. However,
they are computationally demanding for problems with many unknown parame-
ters, due to the large number of models that must be tested.

2. Directed search
The genetic algorithm (Sambridge and Drijkoningen 1992) and simulated anneal-
ing (Kirkpatrick et al. 1983), and adaptive global search methods belong to this
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group. These methods cannot calculate complete, probabilistic solutions to inverse
problems because they don’t use a priori pdf for the location, but they are com-
putationally efficient. Genetic algorithms do not use well-distributed sampling,
therefore only the local optimal solution can be estimated. Simulated annealing
can also lead to locally optimal solutions rather than global solutions. Even though
they cannot provide the complete probabilistic location, directed search algorithms
(Billings et al. 1994; Sambridge andGallagher 1993) are useful in earthquake loca-
tions because of their efficiency.

3. Importance sampling
The importance sampling provides efficient sampling of the complete, probabilis-
tic solution by choosing a sampling density which follows the target function,
the posterior pdf . The challenge of importance sampling lies in the fact that the
optimum importance sampling distribution cannot determine a priori, because the
target function is not known. The sampling is adapted or evolved by using informa-
tion gained from previous samples. As the search progresses, the sampling density
tends towards to the target function. The VEGAS algorithm (Lepage 1978), the
Metropolis algorithm (Mosegaard and Tarantola 1995), the neighbourhood algo-
rithm (Malcolm1999; Sambridge 1999; Sambridge andKennett 2001), the oct-tree
algorithm (Lomax and Curtis 2001), and the adaptive grid search method (Rodi
2006) all use different importance sampling techniques.

Advancements in the computing power made the grid search methods feasible for
large-scale single-event locations, however, they are still computationally demanding
for multiple-event locations .

3 Multiple-event locationmethods

Although the computational burden is low in single-event locations, they are suscepti-
ble to bias from pick errors, poor network configuration and the unknown velocity
structure. Multiple-event location have the statistical power to utilize arrival-time
readings recorded at seismic stations from many events. Thus, multiple-earthquake
techniques can characterize the hypocenter uncertainty better, catch the potential bias
from poor network configuration, and provide necessary corrections to account for
unknown velocity model.

Multiple-event location techniques can be divided into two classes: (1) determin-
istic, linearized, and (2) probabilistic location methods. Linearized methods (joint
hypocenter determination Douglas 1967; Dewey 1971; Pujol 2000, hypocentroidal
decomposition Jordan and Sverdrup 1981; Engdahl et al. 1998, double-difference
Waldhauser and Ellsworth 2000; Felix 2008) solve the location problem with partial
derivatives and matrix inversion (Geiger 1912). These techniques are very robust in
obtaining precise relative locations, but achieving absolute locations is difficult due to
the unknown velocity structure. They are computationally fast and work well when the
distances between the events are short relative to the event-station distances (Husen and
Hardebeck 2010; Myers et al. 2007). For large regions, the computational complexity
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of the iterative algorithms grows exponentially with the number of observations and
furthermore the scale of lateral heterogeneity introduces additional bias.

Probabilistic location methods, like the grid search, are computationally very
demanding for the scale ofmultiple-earthquake location analysis. In order to overcome
this,Myers et al. (2007, 2009, 2011) introduced a hierarchical, probabilistic algorithm
(Bayesloc) that can solve large datasets by utilizing the Markov-Chain-Monte-Carlo
technique. Bayesloc has the advantage of not relying on an initial estimate, and its
ability to accept probabilistic a priori constraints trusted and poor quality datasets to be
incorporated. Applications of grid search methods, such as the generalized multiple-
event location (GMEL) (Rodi 2006) have been marginalized to location of individual
events.

3.1 Deterministic, linearizedmethods

In this Section we review the differences of most frequently used multiple-event loca-
tion techniques, joint hypocenter determination (JHD), hypocentroidal decomposition
(HD) and double-difference (DD) following (Lin and Shearer 2005; Wolfe 2002).
These methods reduce the location bias using difference operators instead of solving
for the heterogeneity in the velocity model. All three methods rely on the assumption
that if the hypocentral separation between two events is small relative both to the
event-station distance and to the scale of any velocity heterogeneity, then the ray paths
traveling between the source and station largely sample the same portion of the Earth,
and hence the difference between travel-times for two events account for their spatial
offset. On the algorithmic level, HD and DDwithout damping are equivalent as shown
in Wolfe (2002).

We consider p = 1, . . . , P earthquakes, each constrained by Np arrival-time obser-
vations.UsingGeiger’s (1912) linearizedmethod in Sect. 2.1) , the hypocenter location
of pth earthquake is computed iteratively as

ApΔmp = Δtp (13)

where Δtp ∈ R
N
p are arrival-time residuals, Δmp ∈ R

4 are changes in hypocentral
parameters (dx, dy, dz, dt), and m0p is the initial estimate. The matrix Ap ∈ R

N×4

contains patrial derivatives calculated at the initial location estimate xp0 . When the
location biased by path anomalies due to velocity heterogeneity, (13) becomes

ApΔmp + sp = Δtp, (14)

where sp ∈ R
N
p are path anomalies/travel-time corrections along each source receiver

path. The new location is updated as mp = mp0 + Δmp.
Combining all P earthquakes, results in the following system of equations in the

matrix-vector form
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AΔM + S = ΔT,⎡
⎢⎢⎢⎢⎣

A1 0 · · 0
0 A1 · · 0
· · · · ·
· · · · ·
0 · · · Ap

⎤
⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎣

Δm1
Δm2

·
·

Δmp

⎤
⎥⎥⎥⎥⎦

+

⎡
⎢⎢⎢⎢⎣

s1
s2
·
·
sp

⎤
⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎣

Δt1
Δt2
·
·

Δtp

⎤
⎥⎥⎥⎥⎦

, (15)

where

ΔT = (Δt1, . . . , tp)T ∈ R
NT , ΔM = (Δm1, . . . ,mp)

T ∈ R
MT ,

S = (s1, . . . , sp)T ∈ R
NT .

The updated locations are now

AΔM + S = ΔT, M = M0 + ΔM,

where MT is the total number of unknown parameters and NT is the total number of
arrival data.

When the hypocentral separation between a set of earthquakes is small compared to
the event-station distance and the scale length of heterogeneity, the correction terms
are correlated for nearby ray paths (i.e. they are similar). Then the number of free
parameters is reduced, the correction terms become constant and can be expressed as:

S = Bs0,

where s0 ∈ R
KT the vector of path anomalies for each station and the matrix B =

(B1, . . . ,Bp)
T ∈ R

NT ×KT assigns one of the KT terms to each of the NT travel-time
residuals in the following form

[Bp]i j =
{
1 when [Δt|p]i from station j,
0 otherwise

and Eq. (15) becomes

AΔM + Bs = ΔT. (16)

The constant values s are called as the static terms, which are fixed for each station
and are independent of event location. In this case (16) has no unique least squares
solutions, because the projections of ΔM and s are not linearly independent. By
introducing annihilators/differencingoperatorsQ such thatQB = 0 thepath anomalies
are removed. Then Eq. (16) becomes

QAΔM = QΔT. (17)

Specific forms of the annihilators Q for HD and DD methods are discussed in the
following subsections.
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3.1.1 Joint hypocenter determination

Multiple-event locationwas first introduced by the joint epicenter determination (JED)
technique (Douglas 1967). This is a least squares algorithm that solves jointly for earth-
quake epicenters and station corrections using a single phase. The station correction
is a constant time term which is calculated from the traveltime residuals below each
station, and then added to all of the modeled traveltimes to corresponding station in
order to account for the unknown velocity structure (Husen and Hardebeck 2010;
Bondár et al. 2014). JED was further expanded to solve for focal depth and to include
other phases by Dewey (1972). This methodology—known as joint hypocenter deter-
mination (JHD)—is a widely used formulation that simultaneously locates group of
events, calculates station corrections and adds these corrections to improve the loca-
tions (Bondár et al. 2014). These station corrections, if appropriate conditions are met,
absorb the bias arising from the unknown velocity structure and hence improve the
locations (Pujol 2000).

JHD was used by Dewey (1972) to relocate forty years of seismicity (1930–1970)
in Venezuela and northeastern Colombia, where a data weighting scheme was esti-
mated from the spread of the phases in order to determine the picking and timing errors
(Bondár et al. 2014). Both (Douglas 1967) and (Dewey1972) discovered that JED/JHD
solutions are non-unique because origin times trade-offwith station corrections. There-
fore a master event, whose hypocenter parameters are already independently known,
can be used to determine the station corrections, and then kept fixed to relocate the
rest of the earthquakes relative to it [for this reason this method is also known as the
master event technique (Evernden 1969)]. This eliminated the bias coming from the
unknown velocity structure specifically when the events are closely spaced and event-
station distances are large (Bondár et al. 2014). Later on, many adaptations of JHD
were developed that do not require use of master events e.g. (Kissling 1988; Pujol
1988), like the static-station term (ST) method. These mainly differ in how they solve
the least square algorithm and calculate station terms.

The ST method e.g. (Fröhlich 1979; Pujol 1988) assigns a travel-time correction to
each station, and calculates relative locations similar to the hypocentroidal decompo-
sition technique (Jordan and Sverdrup 1981) within spatially compact event clusters.
Computation of the location and station term parts are separated, and thus large matrix
inversions are not required.

Equation (14) can be written in matrix-vector form as (following Lin and Shearer
2005)

⎡
⎢⎢⎢⎢⎣

A1 0 · · 0
0 A1 · · 0
· · · · ·
· · · · ·
0 · · · Ap

⎤
⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎣

Δm1
Δm2

·
·

ΔmP

⎤
⎥⎥⎥⎥⎦

+

⎡
⎢⎢⎢⎢⎣

0 1 · · 0
0 01 · · 1
· · · · ·
· · · · ·
1 0 · · 0

⎤
⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎣

s1
s2
·
·
sP

⎤
⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎣

Δt1
Δt2
·
·

ΔtP

⎤
⎥⎥⎥⎥⎦

(18)

which is a coupled set of equations for the location parametersM and the station terms
si , i = 1, . . . P . Equation (18) is solved iteratively, for each vector by leaving the other
vector fixed. In the first step (18) is solved holding the station corrections fixed
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AΔM = δT − Bs.

Each event can be located separately from the other events, because event locations
are not coupled. Solution for a new set of station terms is given by

Bs = δT − AΔM.

The process is then repeated until the algorithm converges, i.e. until a stable set of
locations and station terms are obtained.

The ST method is faster than the hypocentroidal decomposition techniques (dis-
cussed in the following section), because the full A is not required. For large regions
with significant lateral velocity heterogeneity, (Richards-Dinger and Shearer 2000)
introduced a source-specific station term (SSST) that allows the station corrections to
vary with source location (Husen and Hardebeck 2010).

One of the biggest advantages of JHD is that it efficiently accounts for lateral
velocity variations.However, achieving unbiased absolute locations canbe challenging
in cases where lateral variations are especially pronounced and relative clustering of
events can still lead to non-unique solutions (Pujol 2000). Thus, although the JHD
technique is very robust for relative locations, estimation of absolute locations should
be treated with caution.

3.1.2 Hypocentrodial decomposition

In the hypocentroidal decomposition (HD)method (Jordan and Sverdrup 1981) the rel-
ative locations and origin times of a cluster of seismic events are determined, accepting
that the absolute locations and origin times are biased by the same for every event in
the cluster. The unknown bias results from the estimation of the predicted arrival-times
using an average one-dimensional velocity model. The location process is separated
into two parts, determination of relative locations and absolute locations, both having
distinct error budgets. Using orthogonal projection operators on the data set of arrival-
times, the location problems is separated the into two parts. It first calculates cluster
vectors, relative locations of each event with respect to the hypocentroid defined as
the geometric center of all events in the cluster. Then the hypocentroid itself is deter-
mined and the absolute location of each event is determined by adding cluster vectors
to the improved hypocentroid. Although the bias in relative locations coming from
the unknown velocity structure is mostly removed in the cluster vector inversion, the
hypocentroid is still effected due to significant uncertainties in theoretical travel-times
over large distances and due to unbalanced station configurations.

In Jordan and Sverdrup (1981) the following differencing operator Q

QHD = I − BB† (19)

is proposed to projecting out the part of location problem sensitive to the static station
terms. Here I ∈ R

Nt×NT is the identity matrix and B† is the generalized inverse of B
computed by the SVD. The elements of the matrix QHD are defined in the following
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way. Letwk be number of earthquakes recorded by the station k, andwk(i) the number
of earthquakes recorded by the station recording [ΔT]i j . Then,

[QHD]i j = δi j − 1

wk(i)
Δi j , (20)

where δi j is the Kronecker delta function and Δi j = 1 if i th and j th residuals of ΔT
are from the same station, otherwise 0. The travel-time differencing operation is given
for the first arrival on station k is transformed from Δt1k to

Δt1k − 1

wk

wk∑
i=1

Δt ik = 1

wk

wk∑
i=1

(Δt1k − Δt ik).

Then QHD given by

QHD =

⎡
⎢⎢⎢⎢⎣

wk(1)−1
wk(1)

· · 1
wk(1)

· · −1
wk(1)

· 0

0 wk(2)−1
wk(2)

· · 1
wk(2)

· · −1
wk(2)

·
· · · · · · · · ·
0 · 1

wk(NT )
· · 1

wk(NT )
· · wk(NT )−1

wk(NT )

⎤
⎥⎥⎥⎥⎦

.

QHD is an orthogonal projection operator, i.e QHDQHD = QHD and Q†
HD = QHD.

QHD transforms ΔT into ΔT minus travel-time anomaly averages at each station, so
that all the terms are equal to these averages. Then B is annihilated, i.e. QHDB = 0
and (16) becomes

QHDAδM = QHDΔT. (21)

The dimension of the data space is reduced and no new information is added by
introducing difference operators.

When the location perturbations Δxp are decomposed as

Δmp = Δm0 + δmp, Δm0 ≡ 1

P

P∑
p=1

Δmp, Δmp

P∑
p=1

δmp = 0,

then m0 + Δm0 is called hypocentroid, the average absolute location of the earth-
quakes. The relative locations of the earthquakes are then defined by the cluster vectors
{Δmp}. We have then

ΔM = ΔM0 + ΔM.

Eric Bergman later improved the HD method to obtain high-quality earthquake
locations (Engdahl and Bergman 2000; Ritzwoller et al. 2003; Walker et al. 2011)
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and developed the mloc software. mloc, is designed specifically to address this prob-
lem of determining “calibrated” earthquake locations. A calibrated event has absolute,
bias-free location for which the bias from the unknown Earth structure and associated
location uncertainty has been fully quantified. This can be achieved by utilizing dif-
ferent arrival datasets for each step of the inversion, direct phase arrivals (i.e. shorter
ray paths, easier to model) at short epicentral distances (< 150−200 km) with good
azimuthal coverage are preferred for the estimation of the hypocentroid. Cluster vec-
tor inversion can include all kind of phases at all epicentral distances since the bias
is already removed in their calculation (i.e. traveltime differences). The same set of
readings that were used to estimate the cluster vectors can be used for the hypocen-
troid estimation, but such a solution would not be considered calibrated because of
the significant uncertainties in theoretical traveltimes over large distances. In addition,
mloc allows the option to use a custom crustal model for local distances, even while
a global model (typically the ak135 1-D earth model) is applied at regional and tele-
seismic distances. By keeping ray paths short and employing a local crustal model,
the hypocentroid and thus the entire cluster can be calibrated.

There are two different data sets that can be used to achieve a calibrated solution,
(1) by using direct arrival phases at short epicentral distances only (known as ‘direct’
calibration) (Fig. 1, top panel) e.g. (Nealy et al. 2017; Karasözen et al. 2018) and/or
(2) by using ground truth locations of one or more events in the cluster (known as
‘indirect’ calibration) determined by other independent means (Fig. 1, middle and
bottom panels) (Walker et al. 2013; Copley et al. 2015). Figure 2 shows an example
how and when to utilize these different calibration techniques for the same earthquake
cluster. The Murmuri earthquake cluster in Iran has 200 events including a Mw 5.8
earthquake on 27 August 2008 and a Mw 6.2 mainshock, and five Mw > 5.4 after-
shocks between 18August and 15October 2014. Initially, this cluster had an azimuthal
gap in near-distance source arrival data of ∼ 180◦ at southern azimuths, and had no
available stations within ∼ 100 km (Fig. 2a). Due to lack of close-in distance arrival
data, direct calibration was not possible. Therefore, the cluster vectors were located
with teleseismic (distances greater than 30◦) arrivals, and the entire cluster was cali-
brated indirectly relative to geodetically determined model fault plane extents of the
2008 and 2014 events (Fig. 2b) (for more information, see Copley et al. 2015). The
result of indirect calibration using two independently determined fault models had
locations with errors 9–11 km, due to uncertainties coming from each model fault
planes. Recently, the Murmuri cluster was updated with the additional 15 events that
were recorded by a temporary seismic array in 2014 which reduced the azimuthal gap
in near-distance source arrival data, and thus we were able to directly calibrate the
entire cluster utilizing this data (Fig. 2c). Direct calibration using near-distance source
arrival data, resulted in earthquake with errors < 4 km, significant improvement over
indirect calibration, causing mainshocks to move∼ 13 km to the NW (Fig. 2d). These
calibrated earthquakes are available to download in the Global Catalog of Calibrated
Earthquake Locations (GCCEL), as described later in this section.

The calibration process in mloc requires an accurate estimation of the arrival time
data uncertainty. After each run in mloc, a cleaning routine of detecting and removing
outliers takes place. Outlier arrival time readings are determined by the spread of the
repeated readings of station-phase pairs.These “empirical reading error”, are calcu-

123



   13 Page 14 of 28 GEM - International Journal on Geomathematics            (2020) 11:13 

1
2

3

4

Geographic locations
(biased)

C
10

0

-10
-10

1
2

3

4

Eastings, km

N
or

th
in

gs
, k

m A
B

1

3

Mislocation vectors
determined by calibration events

D

Final absolute locations
constrained by calibration events

(unbiased)

E

Determine cluster vectors 
(relative locations)

0 10

10

0

-10
-10

Eastings, km

N
or

th
in

gs
, k

m

0 10

Latitute, ˚E

Latitute, ˚E
Lo

ng
itu

de
, ˚

N

1
2

3

4

73.2 73.3

Final absolute locations
(unbiased)

C

Direct Calibration

73.2 73.3

47.0

47.1

Relocate the hypocentroid 
using near-distance data and 

approproate crustal model

1
2

3

4

Determine cluster vectors 
(relative locations)

A

B

1
2

3

4Using teleseismic, regional,
local data if available, 

any phase,
any traveltime model

Relocate the hypocentroid
using on average global model

(biased)

Indirect Calibration

Lo
ng

itu
de

, ˚
N

47.0

47.1

Latitute, ˚E

Lo
ng

itu
de

, ˚
N

73.2 73.3

47.0

47.1

Latitute, ˚E
73.2 73.3

Lo
ng

itu
de

, ˚
N

47.0

47.1

Latitute, ˚E

Lo
ng

itu
de

, ˚
N

73.2 73.3

47.0

47.1

Latitute, ˚E
73.2 73.3

Lo
ng

itu
de

, ˚
N

47.0

47.1

Calibration locations

Fig. 1 Schematic outline of direct (top panel) and indirect (middle and bottom panels) calibration methods

lated using a robust estimator of spread (Croux and Rousseeuw 1992) that makes no
assumption of the underlying distribution, requires no central location, and is insen-
sitive to large outliers. The estimator Sn is defined as

Sn = cn1.926 lomed︸ ︷︷ ︸
i=1,...,n

lomed︸ ︷︷ ︸
j �=i

|xi − x j | (22)
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Fig. 2 Direct and indirect calibration example from themloc software. A total of 200 events in theMurmuri
(Iran) earthquake cluster were relocated using both a, b indirect and c, d direct calibration techniques. a
and c show station coverage for this cluster where red circle marks radii of 100 km about the hypocentroid,
blue lines display mapped faults and black, open circles represent earthquakes. In c triangles and diamonds
denote seismic stations and red lines show ray paths used to locate the hypocentroid using direct calibration.
Earthquake locations bwith indirect and d direct calibration where closed red circles represent earthquakes,
and each earthquake is shown with its 90% confidence ellipse. A 5 km confidence ellipse on the bottom left
corner is given for reference. Blue ellipses display the surface projection of fault models for the 2008 and
2014 events (color figure online)

where cn is a correction term for small sample sizes, lomed is the low median and the
factor 1.1926 ensures consistency at a normal distribution. Outlier removal is done
incrementally to avoid cleaning of good data, by flagging the largest residuals after
each run until the distribution of every station phase pair approaches a distribution that
approximately satisfies the condition that no residuals lie more than 3-sigma from the
mean.

In addition to outlier detection, empirical reading errors are also used in weighting
arrival time data for inversion. They are employed for weighting both the hypocentroid
and cluster vectors, but due to the nature of the two-stage inversion process, weighting
of the hypocentroid is also based on the theoretical traveltime uncertainty of each
reading.
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The inventory of previously-analyzed calibrated clusters and new additions are now
being hosted as ”Global Catalog of Calibrated Earthquake Locations“ (Bergman et al.
2020) by the NEIC, through the ScienceBase platform. GCCEL website not only pro-
vides a unique dataset of globally-distributed high-quality earthquake hypocenters,
but also regional velocity models, station coordinates and arrival phase data for each
cluster. Up to now,> 180 earthquake clusters containing> 10, 000 events are posted.
Each event cluster is illustrated using several standard summary plots including epi-
centers with uncertainties, station distribution and raypaths used for calibration, focal
depth histograms, and a variety of travel-time plots.

mloc is an improved HD location program that successfully determines calibrated
earthquake locations whose uncertainties are quantified usually to better than 5 km,
if appropriate conditions are met (i.e. availability of the near-source arrival time data,
good station coverage). However, due to the limiting factors of the least-square anal-
ysis, mloc can only handle up to 200 events and for the purposes of calibration (runs
with events > 200 would take much longer time), location analyses are restricted
to areas with dimensions of 100–200 km depending on the level of crustal lateral
heterogeneity of the dataset.

3.1.3 Double-difference method

Another way of removing the path anomaly bias in the arrival-time data is to deter-
mine differential arrival-times by waveform correlation (Got et al. 1994). This linear
inversion technique is used by the well known double-difference (DD) algorithm, in
which relative event locations are improved by using differencing operators rather than
by explicitly solving for lateral heterogeneity through calculating station corrections
(Bondár et al. 2014; Wolfe 2002).

Although Got et al’s technique (Got et al. 1994) improves relative locations bymin-
imizing the differential arrival times by waveform cross-correlation, it is restricted to
regions with available waveform data. Waldhauser (2001) with the HypoDD program,
further extended this technique by also implementing arrival-time data, thus allowing
it to be applicable to a broader class and scale of datasets. This technique utilizes
arrival-time and waveform data to link all possible pairs of correlated events (multi-
plets) and then generates a weighting scheme according to the quality of data available
for location. The robustness of the absolute locations depends on the accuracy of the
cross-correlation data, whereas the quality of the relative location of multiplets and
uncorrelated events depends on the accuracy of catalog data (Waldhauser 2001).

The single-event location problem for the kth observation of earthquake i can be
written as

∂t ik
∂m

Δmi + sik = Δrik (23)

where sik is the path anomaly correction between event i and station k, and the r ik =
(tobs − tpre)ik is the residual. When the travel-time difference between the event (t ik −
t jk )obs is obtained by cross-correlation methods, then Eq. (23) cannot be used. In
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Waldhauser and Ellsworth (2000); Felix (2008), the double-difference (DD) location
algorithm is developed by expressing the time difference between the residuals at the
same station for two events i and j as

∂t ik
∂m

Δmi + sik − ∂t jk
∂m

Δm j − s jk = dri jk (24)

where dri jk is the residual between observed and calculated differential travel-times
between these two events, i.e.,

dri jk = (t ik − t jk )obs − (t ik − t jk )pre (25)

If the events are close to each other, then their path corrections are likely to be similar,
the path anomalies approximation sik = s jk , cancel, and DD location problem becomes

∂t ik
∂m

Δmi − ∂t jk
∂m

Δm j = dri jk . (26)

These equations can be combined from all hypocentral pairs for a station, and for all
stations into a system of linear equations

GΔM = d, (27)

where G ∈ R
MDD×MT defines a matrix of size MDD is the number of double-

difference observations) containing partial derivatives, d is the data vector containing
the double-difference times and ΔM is the vector containing the changes in hypocen-
tral parameters.

Equation (27) can be written equivalently as

QDDAΔM = QDDΔT, (28)

where

QDDA = G, QDDΔT = d.

The double-difference operator QDD is a matrix which combines the differences of
earthquake arrival-times Δt ik − Δ

j
k recorded at a given station k

QDD =

⎡
⎢⎢⎣
1 · · −1 · · · · 0
1 · · · · −1 · ·
· · · · · · · · ·
0 · · · · 1 · · −1

,

⎤
⎥⎥⎦

for i �= j and i > j . Like in case of the HDmethod, the travel-time anomaly averages
for each station is removed, i.e., B is annihilated, QDDBs0 = 0.
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If the partial derivatives are of the earthquakes are computed at a common reference
point as A|p = BpA0 then for both operators QHD and QDD

QAΔM = QAδM, (29)

(QA)†QAΔM = δM. (30)

In case of HD algorithm (Jordan and Sverdrup 1981), QA annihilates the full hyper-
centroid, and only the relative locations can be resolved. No constraint equations are
needed in solving (11) by a generalized inverse, becauseΔM is in themodel null space
of QA . Therefore a model estimate is obtained with no components in this space.

When the spatial partial derivatives are evaluated at different reference points as in
the DD algorithm (Waldhauser and Ellsworth 2000), the current estimate will be

QAΔM =
{
QAΔM for space parameters
QAδM for time parameters

, (31)

(QA)†QAΔM =
{

ΔM for space parameters
δM for time parameters

. (32)

Although HypoDD removes the necessity to use station corrections and is appli-
cable over larger distances, this technique requires a clustered set of events, a dense
network of stations and available good-qualitywaveform and arrival time data. In addi-
tion, (Wolfe 2002) showed that if distance-dependent damping is used in HypoDD
to reduce path-anomaly biases (i.e. traveltimes from earthquakes farther away are
damped) then model resolution decreases and far apart earthquake locations cannot be
resolved. It should be also noted that smaller spatial-scale velocity variations relative
to hypocentral separations can be an additional source of error for the DD technique,
and also for other multi-event location algorithms.

3.2 Probabilistic methods: Bayesianmultiple-event locationmethod

Multiple-event location methods that are based on linearized approaches require a
clear distinction between data and model parameters, i.e. arrival-time data and their
uncertainties are kept fixed during each iteration. Formal uncertainties derived from
a linearized approximation around the solution cannot adequately characterize the
posteriori covariance of the multiple-event solution. This can be solved by utiliz-
ing algorithms such as grid-search, simulated annealing, and genetic algorithms, but
then the solution space grows extensively, and the computations become even more
demanding for massively parallel computers.

Nonlinear, stochastic location methods, like Bayesloc, solve hypocentral parame-
ters by estimating probability density functions. Bayesloc (Myers et al. 2007, 2009,
2011) is a Bayesian multiple-event location algorithm that utilizes the Markov-Chain-
MonteCarlo (MCMC) technique for solving large scale, nonlinear inversion problems.
Since Bayesloc does not solve direct matrix inversions, it has a lower computational
burden and can be applied to large data sets (Bondár et al. 2014).
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Bayesloc decomposes the multiple-event location problem into a hierarchal model
and simultaneously solves for event locations, travel-time corrections, assessments of
arrival-time measurement (pick) precision, and phase labels (Myers et al. 2011). This
method accepts probabilistic a priori constraints of input parameters of these data sets,
allowing it to work with both trusted and poor quality data sets. It iteratively modifies
each component of the models, tests the overall probability of each configuration
through MCMC hypothesis testing, and proposes new components of the solution,
which speeds up the convergence (Myers et al. 2011). In contrast to the linearized
inversion algorithms, which solve for each location point and an associated confidence
ellipsoid, the MCMC solutions define a set of probability density functions from
which the most probable location for a given confidence region can be derived. The
joint probability functions of the MCMC samples are nonparametric and capture non-
linear features of the solutions from the estimates for location, travel-time correction,
and other parameters.

Bayesloc model parameters are (Myers et al. 2007, 2009):

– The event-origin parameters of the i-th event: xi = (xi , yi , zi ) = the hypocenter
(location) , oi = the origin time .

– The station data:

s j = (xi , yi , zi ) the location of the j-th station.
ni j the number of recorded arrivals from the i-th event to the j-th station; if
no arrivals are observed, is set to 0.
ai jk the k-th observed (measured) arrival-time from the i-th event to the j-th
station.
wi jk the phase-label assigned to the ai jk arrival-time,wi jk ∈ Ω ≡ {1, . . . , M}.
Each integer in Ω corresponds to a given distinct phase and M is the number
of phases.

– The model-predicted travel-time of the phase w from event location x to station
location s: Fw(x, s), i.e., Fwi j = Fw(xi , s j ). The model-predicted travel-time is
an approximation true travel-time Tw(x, s) = Fw(x, s) + (travel-time error).

In Bayesloc, a probabilistic relationship is formulated between the picked arrival-
times and the true arrival-times and between the predicted travel-times and the true
travel-times.

Travel-time corrections in Bayesloc are unique in that the path-dependent travel-
time bias is determined and applied to adjust the travel-time curve jointly with the
location problem. These corrections are hierarchical and ordered in terms of robust-
ness. Arrival-time corrections account for traditional picking errors and smaller scale
path specific travel-time errors, and are calculated after travel-time adjustments have
been applied.

The three major components of the hierarchical model as conditional probabilities
are (Myers et al. 2007, 2009):

1. Travel-time model The conditional distribution of the true travel-times T given
the model-predicted travel-times F, the origin locations x is p(T|F(x), τ ) with the
travel-time corrections ø.
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2. Arrival-time model The conditional distribution of the arrival-time da a given the
origin times o, the travel-times T, and phase configurationsW is p(a|o,T,W, σ )

where œ are the arrival-time error terms.
3. Prior model A prior distribution for hypocentre parameters, arrival-time error

terms, travel-time correction terms, and an independent prior distribution for phase
configurations is given as

p(x)p(o)p(W|w)p(σ )p(τ )

under the prior independence assumption between x, o,W, σ, τ .

The three probabilitymodels are brought together in a joint posterior distribution using
the Bayes’ theorem

p(o, x,T,W, σ, τ |a) = p(a|o,T,W, σ )p(T|F(x), τ )p(x)p(o)p(W|w)p(τ )/p(a)

(33)

Solutions with Monte Carlo Markov Chain (MCMC) sampling (Tarantola 2004;
Gelman et al. 2014; Robert and Casella 2004) define a set of probability density
functions, confidence ellipsoids as for the linearized inversion algorithms. The joint
probability functions of the MMMC samples are non-parametric and they capture
non-linear features of the solutions, like estimates for location, travel-time correction,
and uncertainty estimates. The MCMC method generates realizations in the form
of an ensemble from the joint posterior distribution across all parameters. A single
MCMC iteration is accomplished by first sampling each location using a Metropolis
random walk (MRW), then progressively sampling additional parameters using either
the Gibbs sampler (Gelman et al. 2014) or the slice sampler (Neal 2003; Robert and
Casella 2004).

Bayesloc’s ability to accept prior information, handle larger spatial scale and size of
datasets, and its probabilistic approach make it a very capable for multiple-earthquake
location. But due to the nature of the earthquake location problem and different types
of corrections going into the Bayesloc model space, a careful analysis of input (dataset
to be relocated), model and output (quality of the final locations) is required.

4 Earthquake location accuracy and uncertainty estimation

Uncertainties in earthquake location originate from a combination of measurement,
modeling and instrument timing errors, and from nonlinearity of the earthquake loca-
tion problem. Measurement errors (i.e. picking errors in observed arrival-times), are
typically modeled as normally distributed, zero-mean random variables. Modeling
errors (i.e. prediction errors in modeled travel-times) due to unknown velocity het-
erogeneities, are skewed and are not normally distributed. These can be investigated
by considering earthquake location as a probabilistic inversion problem (Lomax et al.
2011). In this Section, we describe the earthquake location uncertainty in such prob-
abilistic framework, and concentrate on measurement and modeling errors, and do
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not consider formal errors coming from inversion algorithms and instrument timing
errors.

The observed arrival-times dobs take values in the data space D, and m model
parameters take values from the model space M. The probabilistic solution is given
by the four dimensional posterior probability density function pdf as a function of the
modelm over themodel spaceM. The uncertainties in the difference betweenpredicted
and observed arrival-times are quantified by the location pdf. Let p(d) is the pdf over
D describing the data uncertainties and p(m) represents a priori information about the
model parameters m without using the data. The uncertainty in the forward problem
due to velocity structure, is quantified by F(m,d), pdf of the relationship between
predicted arrival-times dpre and model parameters m. The probabilistic solution of
earthquake location is found by combining the observed data pdf, p(d) the prior
model pdf, p(m), and the uncertainty of the forward problem to predict the observed
data, F(m,d) (Tarantola and Valette 1982; Tarantola 2004). It is given as a posteriori
joint pdf between model parameters m and data d (Lomax et al. 2011)

Q(d,m) = k
p(d)F(d,m)p(m)

μ(d,m)
, (34)

where k is a constant, normalizing Q to the unit integral over D × M and μ(d,m)

is the homogeneous distribution over data d and model parameters m. The marginal
posterior pdf is obtained by integrating Q over the data space D

Q(d,m) = kp(m)

∫

D

p(d)F(d,m)

μ(d,m)
dd. (35)

f
Equation (35) is a probabilistic solution to the inverse problem of earthquake loca-

tion problems. Usually the uncertainties in the forward problem F relating d andm are
negligible. Furthermore d and m are independent, and hence μ(d,m) = μ(m)μ(d),
andμ(d) is taken to be constant.Assuming linearly independent errors, p(d) is approx-
imated by Gaussian distribution with the mean d0 and with the data covariance matrix
Cd holding information about the data uncertainties (picking and model errors). With
these simplifications, themaximum likelihood function the likelihood function is given
by

L(m) = exp

{
−1

2
(d0 − g(m))T C−1

d (d0 − g(m))

}
. (36)

Minimizing L(m) (36) is equivalent to solving the weighted linearized equation

WGm = dw. (37)

When the picking andmodel errors are not correlated and not Gaussian distributed, the
weighting matrix W = C−1/2 ∈ R

N×N is not diagonal. Using the SVD, the solution
of the weighted linearized inverse problem (37) can be stated as
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G−1
W = VWΛ−1

M UT
W . (38)

Then the solution at the k iteration given as

mk+1 = mk + mest , mest = G−1
w dw. (39)

This Eq. represents the solution of the inverse problem is the eigenspace, i.e., space
of eigenvectors. Then dw is linear combination of observed residuals, eigenresiduals
(Bondár and McLaughlin 2009).

When the velocity heterogeneities are inadequately modeled by the velocity model,
correlated travel-time prediction errors are generated along similar ray paths. Then,
the covariance matrix is no longer diagonal due to correlated errors. In this case, the
dimension of the inversion problem can be reduced by diagonalizing the covariance
matrix (Bondár and McLaughlin 2009). The linearized location algorithm is then
transformed set of Eq. (37) with a diagonal covariance matrix. The SVD of the full
data covariance matrix is written as

CD = UDΛDVT
D (40)

where ΛD is the diagonal matrix of singular values and the columns of UD contain
the singular vectors ofCD . For dimension reduction, the first p largest singular values
are kept with ε

∑p
j λ j∑N
j λ j

≤ 1 − ε,

where ε is small number. The total variance level 1−ε is taken in most cases as 0.95%.
Let Cd = BBT , with B = UpΛ

1/2
p , the projection matrix

W = B−1 = Λ
−1/2
p UT

p

orthogonalizes the data set. After applying the projections, the same linearized system
of equations is obtained

Gw = Λ
−1/2
p UT

pG, dw = Λ
−1/2
p UT

pd

Again dw, represents linear combination of observed residuals, eigenresiduals.
For a convergent solution, a posteriori model covariance matrix

CM = G−1CG−1 = VWΛ−1
M VT

W (41)

defines the location accuracy in a 4D error ellipsoid, with projections as 2D error
ellipse and 1D errors for depth and origin time. The error ellipse with the confidence
region at a given α percentile level is defined as

(r − rloc)TCM (r − rloc) = κ2
α
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where rloc denotes the location vector of the epicenter. The confidence regions are
computed using different type of statistics for uncorrelated, normally distributed
arrival-time errors with a zero mean and a variance σ 2, and for locally linear travel-
time residuals tm near the hyposcenter (Boyd and Snoke 1984). Two types of statistics
is used for the computation of the size of confidence regions (Husen and Hardebeck
2010):

When the variance σ 2 is unknown, the F statistics is used Setting κ2
α (Flinn 1965;

Jordan and Sverdrup 1981)

κ2
α = Ms2Fα(M, K + N − M)

with the variance scaling factor s2 is defined as

s2 = K + 1
N

∑
d2W

K − N − M

and Fα is an F statistic with M and K +N −M degrees of freedom at the level α with
M = 2 and N observations. Using F statistics in Flinn (1965) for a small number of
observations, unrealistically large confidence ellipses are obtained.When the variance
σ 2 is known the ξ2 statistics is used (Evernden 1969). In this case, the uncertainties are
a priori known, κ2

α reduces to a α percentile ξ2 distribution with 2 degrees of freedom,
corresponds to K = ∞. In practice for the scaling factor, K is taken a large value to
balance the confidence and coverage ellipses. In the presence of correlated errors, the
estimated error ellipses become larger, which indicate that the number of independent
data is less than the number of observations.

5 Software

Here we list available single and multiple-event earthquake location packages:

– Single-event location methods

– HYPOINVERSE (Klein 2002), HYPOELLIPSE (Lahr 2012), HYPOSAT,
(Schweitzer 2001) are linearized inversion location algorithms, written in Fortran.
They are available at https://www.usgs.gov/software/hypoinverse-earthquake-
location, at https://pubs.usgs.gov/of/1999/ofr-99-0023/, and at ftp://ftp.norsar.no/
pub/outgoing/johannes/hyposat

– The neighborhood algorithm http://rses.anu.edu.au/~malcolm/na/#download is a
non-linear grid search algorithm, written both in a Fortran and C++ (Malcolm
1999; Sambridge 1999; Sambridge and Kennett 2001).

– NonLinLoc http://www.alomax.net/nlloc is a probabilistic, non-Linear, global-
Search earthquake location code that implements the oct-tree method, written in
C++ (Lomax and Curtis 2001).

– Multiple-event location methods
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– Bayesloc https://www-gs.llnl.gov/nuclear-threat-reduction/nuclear-explosion-
monitoring/bayesloc method is written in C++ (Myers et al. 2007).

– COMPLOC http://igpphome.ucsd.edu/~glin/COMPLOC, an implementation of
the SSTS method, is available as a Fortran77 program package (Lin and Shearer
2006).

– GrowClust https://github.com/dttrugman/GrowClust is a location algorithm that
utilizes differential times obtained from waveform cross-correlation of pairs of
events, written in Fortran90 (Trugman and Shearer 2017).

– HypoDD http://www.ldeo.columbia.edu/~felixw/hypoDD.html is an implemen-
tation of the DD algorithm, written in Fortran90 (Waldhauser and Ellsworth 2000;
Waldhauser 2001).

– mloc https://seismo.com/mloc/ is an implementation of the HD algorithm, written
in Fortran90 (Engdahl and Bergman 2000; Ritzwoller et al. 2003; Walker et al.
2011). Calibrated earthquake locations obtained using the programmloc are avail-
able in the Global Catalog of Calibrated Earthquake Locations (GCCEL) https://
www.sciencebase.gov/catalog/item/59fb91fde4b0531197b16ac7 (Bergman et al.
2020).

6 Conclusions and Outlook

All earthquake location methods summarized in this paper have reached a mature
stage. They are continuously refined and adjusted for locating earthquakes world-
wide. Recently machine learning (ML) technologies have been widely implemented
in all fields of science and engineering, where computers use statistical techniques
to learn and predict from large and complex datasets. ML algorithms are specifically
designed to handle large datasets and trained to better analyze and extract hidden
features in the data. Since seismology is one of the most data intensive fields, the pre-
diction capabilities of ML techniques could be adopted to identify unseen signals and
patterns in the data that might improve our physical understanding about earthquakes.
Recently, ML has been employed in several applications (Kong et al. 2018), such as
predicting earthquake magnitudes (Asim et al. 2018), forecasting aftershock patterns
(DeVries et al. 2018), and picking phase-arrivals (Ross et al. 2018). Parallel to these
developments, in mathematical disciplines like inverse problems, ML techniques are
also widely used. These advancements in mathematical foundations of ML methods
can potentially lead to the development of data-driven earthquake location methods
as an alternative to current existing model-based techniques.
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